This paper discusses the robust stability of Takagi-Sugeno (TS) fuzzy model based control systems. First, it is pointed out that the complex nonlinear control systems with uncertain parameters can be represented as the TS-fuzzy-model-based control systems with both elemental parametric uncertainties and norm-bounded approximation error. Next, a sufficient condition is proposed in terms of linear matrix inequalities (LMIs) for ensuring that the TSfuzzy-model-based control systems with both elemental parametric uncertainties and normbounded approximation error are robustly stable. Some examples are given to show that the proposed sufficient LMI condition may obtain less conservative results than the existing ones reported recently, owing to the proposed sufficient condition taking the elemental information of the parametric uncertain matrices into consideration.
Introduction
There have recently been many successful applications of Takagi-Sugeno (TS) fuzzy model based approach to nonlinear control systems (2) , (6) . Despite the success, it has become evident that many basic issues remain to be addressed. One of the most important issues for the TS-fuzzy-model-based control systems is stability, and thus there have been significant research efforts on the issue of stability for TS-fuzzy-model-based control systems [Refs. (6) , (7), (9) , (20) , and references therein]. Besides stability, another important requirement for a control system is its robustness and this remains to be a central issue in the study of uncertain nonlinear control systems and their controllers design. Therefore, some researchers (11) - (13), (16) - (19) proposed some sufficient conditions in terms of linear matrix inequalities (LMIs) to study the robust stability of the TS-fuzzy-model-based control systems with parametric uncertainties. The parametric uncertainties are principal factors responsible for the degraded stability and performance of an uncertain nonlinear control system. In fact, in many cases it is very difficult, if not impossible, to obtain the accurate values of some system parameters. This is due to the inaccurate measurement, unaccessibility to the system parameters or online variation of the parameters. So, Lam et al. (11) , Lee et al. (12) , (13) , Tanaka et al. (16) - (18) and Tong et al. (19) considered the robust stability against consequent parametric uncertainties in the TS-fuzzy-model-based control systems. The parametric uncertainties can be viewed to take different forms like elemental and norm-bounded. Elemental parametric uncertainties are those for which the elemental information of the uncertain matrix is utilized and bounds on the individual elements of the uncertain matrix are considered, whereas norm-bounded parametric uncertainties are those for which only a norm bound on the uncertain matrix is considered (4) , (5) . The parametric uncertainties considered in Refs. (11) - (13) and (16) - (19) can be categorized as norm-bounded uncertain cases. However, if the elemental information of the parametric uncertain matrices is considered, the results will be less conservative than the previous results that do not utilize the elemental information of the parametric uncertain matrices (4) , (5) . On the other hand, Chen et al. (3) and Kiriakidis (10) employed LMI techniques to solve the robust stability problem of the TS-fuzzy-model-based control system against the approximation error between the nonlinear system and its fuzzy model, where the approximation error is assumed to be a norm-bounded uncertainty. Since the TS fuzzy models are usually used to describe complex nonlinear systems with uncertain parameters, it is not unusual that at times we have to deal with a TS-fuzzy-model-based control system simultaneously consisting of two parts: one part has only the elemental parametric uncertainties, and the other part has the norm-bounded approximation error. If the elemental parametric uncertainties are lumped with the normbounded approximation error as a norm-bounded composite term (i.e., the elemental information of the parametric uncertain matrices is not considered), the approaches proposed by Chen et al. (3) and Kiriakidis (10) can be applied to solve the robust stability problem of the TS-fuzzy-modelbased control system with both elemental parametric uncertainties and norm-bounded approximation error; but, the results will be more conservative than the results that utilize the elemental information of the parametric uncertain matrices.
Motivated by the aforementioned concerns, this paper deals with the robust stability issue of the TS-fuzzymodel-based control system simultaneously with both elemental parametric uncertainties and norm-bounded approximation error, where the elemental information of the parametric uncertain matrices is considered. By using the Lyapunov approach, a new sufficient condition is proposed in terms of LMIs, which can be efficiently solved by means of standard optimization procedures (8) , for ensuring that the TS-fuzzy-model-based control system with both elemental parametric uncertainties and norm-bounded approximation error is robustly stable. The main results are presented in section 2. Four examples are given in section 3 to illustrate the proposed LMI-based robust stability criterion and to make some comparisons between the sufficient LMI condition proposed in this paper and those sufficient LMI conditions presented in Refs. (3), (10) - (13) and (16) - (19) . Finally, section 4 offers some conclusions.
Main Results
Consider the following nonlinear system with parametric uncertainties:
where
T ∈ R w denotes the control input vector, and f (x(t)) ∈ R n and g(x(t)) ∈ R n×w are the nonlinear terms with uncertain parameters.
With r the number of rules, χ(t) = [χ 1 (t) χ 2 (t) ··· χ g (t)] the premise vector, and M i j (i = 1,2,...,r, j = 1,2,...,g) the fuzzy sets, the nonlinear system with parametric uncertainties in Eq. (1) can be represented by the following TS fuzzy model with both parametric uncertainties and approximation error (3) , (10), (15) , (16) , (20) :
where A i ∈ R n×n and B i ∈ R n×w are the consequent constant matrices; ∆ f +∆gu(t) denotes the approximation error between the nonlinear uncertain system (1) and its TS fuzzy model (3) , (10) ; ∆A i (t) and ∆B i (t) denote the time-varying parametric uncertain matrices existing in the system matrices A i and the input matrices B i , respectively, of the consequent part of the i-th rule due to the inaccurate measurement, unaccessibility to the system parameters or on-line variation of the parameters;
For the approximation error ∆ f + ∆gu(t), Kiriakidis has given some detailed discussions in his work (10) . It is assumed that
for all t. Thus, we have h i (χ(t)) ≥ 0 and
for all t. In many interesting problems, we have only a small number of uncertain parameters, but these uncertain parameters may enter into many entries of the system and input matrices (4) . Therefore, in this paper, we suppose that the time-varying parametric uncertain matrices ∆A i (t) and ∆B i (t) take the forms
where ε ik (t) (ε ik ≤ ε ik (t) ≤ε ik , for i = 1,2,...,r and k = 1,2,...,m) and η ik (t) (η ik ≤ η ik (t) ≤η ik , for i = 1,2,...,r and k = 1,2,...,m) are time-varying elemental parametric uncertainties, and E ik and H ik (i = 1,2,...,r and k = 1,2,...,m) are, respectively, the given n×n and n×w constant matrices which are prescribed a prior to denote the linearly dependent information on the time-varying elemental parametric uncertainties ε ik (t) s and η ik (t) s, respectively.
A TS fuzzy controller considered here is to employ a state feedback control law for each rule of the fuzzy model, and the overall fuzzy controller is the fuzzy blending of each individual linear control law. The fuzzy controller shares the same fuzzy sets with the fuzzy model (2) . The fuzzy controller is also composed of r fuzzy IF-THEN rules, and the resulting output of the fuzzy controller is inferred as follows:
where K j ( j = 1,2,...,r) are the feedback gains.
By substituting Eq. (5) into Eq. (2), we can get the closed-loop fuzzy system aṡ
Assume that there exist bounding matrices ∆F i and ∆G i such that
and
for all trajectory x(t), where
..,r; • denotes the spectral norm (1) . By using a balancing problem of an inverted pendulum on a cart, Chen et al. (3) have given some detailed discussions of the practicability regarding the norms on ∆ f and ∆g.
In what follows, we present an LMI-based criterion for ensuring that the closed-loop fuzzy system (6), which considers simultaneously both elemental parametric uncertainties and norm-bounded approximation error, is robustly stable.
Theorem:
The closed-loop fuzzy system (6) is robustly stable, if, for the specified feedback gains K j ( j = 1,2,...,r), there exists a symmetric positive definite matrixW such that the following LMIs are simultaneously satisfied
for i, j = 1,2,...,r, and l = 1,2,...,2 2m , whereW = P −1 , Y j = K jW , P denotes a symmetric positive definite matrix, I denotes the identity matrix, and
Remark 1:
The problem of determining the robust stability of the closed-loop fuzzy system (6) can be considered as LMI feasibility problems which are convex and can be efficiently solved by corresponding LMI software (8) . Remark 2: If the closed-loop fuzzy system in Eq. (6) does not include the elemental parametric uncertainties (i.e., ε ik (t) = 0 and η ik (t) = 0, for i = 1,2,...,r and k = 1,2,...,m), then Eq. (A.5) in the proof of Theorem becomeṡ
Therefore, it is found thatV(x(t)) < 0, ∀x(t) 0, if, for the specified feedback gains K j ( j = 1,2,...,r), there exists a symmetric positive definite matrix P such that
for i, j = 1,2,...,r. So, we can get that the closed-loop fuzzy system only with the norm-bounded approximation error in Eq. (6) is robustly stable if the inequalities in Eq. (11) are satisfied. The sufficient condition (11) coincides with the one proposed by Chen et al. (3) for the analysis of robust stability of the closed-loop fuzzy system in Eq. (6) only with the norm-bounded approximation error. Therefore, the result given by Chen et al. (3) may be viewed as a special case of ours. That is, the proposed sufficient condition in Eq. (9) is the generalized version of that given by Chen et al. (3) 
Illustrative Examples
In this section, four examples are given for illustrating the proposed LMI-based sufficient condition, and making some comparisons between the proposed LMI-based sufficient condition and those LMI-based sufficient conditions presented in Refs. (3), (10) - (13) and (16) - (19) . In order to compare the conservatism of criteria for robust stability analysis, it is necessary to assume that the considered systems have the same designed controller (i.e., the same specified feedback gains) (4) , (21) . Therefore, in this section, under the assumption of having the same specified feedback gains, we compare the proposed LMI sufficient criterion with those LMI sufficient criteria in Refs. (3), (10) - (13) and (16) - (19) .
Example 1:
Consider the same nonlinear mass-spring-damper mechanical system as that considered by Tanaka et al. (16) The dynamic equation of the nonlinear mass-springdamper mechanical system with parametric uncertainty is described as
where M is the mass, u(t) is the force, y(t) is the displacement,ẏ(t) is the velocity, g(y(t),ẏ(t)) is nonlinear or uncertain term with respect to the damper, f (y(t)) is the nonlinear or uncertain term with respect to the spring, and ϕ(ẏ(t)) is the nonlinear or uncertain term with respect to the input term. Here it is assumed that
where c(t) is the term of parametric uncertainty and c(t) ∈ [0.45 1.81] which is a slight modification of that given by Tanaka et al. (16) The parameters in this example are set as follows: M = 1.0, D = 1.0, c 1 = 0, c 2 = 1, and c 3 = 0.13. Then, the nonlinear system (12) can be rewritten as
Therefore, by the same way given by Tanaka et al. (16) , we can represent the uncertain nonlinear system (13) by the following TS fuzzy model:
Plant Rule 1:
, where
6.75 , and M 21 = 0.5 −ẏ 3 (t)
6.75 . Before we apply the LMI-based robust stability condition in Refs. (16) - (18), we need first to represent the time-varying parametric uncertain matrices ∆A 1 (t) and ∆A 2 (t) as the following forms:
for satisfying the assumptions,ε ik (t) > 0 and
in the robust stability condition of Tanaka et al. (16) - (18) , wherẽ ε 11 (t) =ε 21 (t) = 0.5(1 −h(t)),
Then, by using the LMI-based robust stability criterion of Tanaka et al. (16) - (18) and the LMI toolbox (8) , we cannot find a symmetric positive definite matrixW, in which W = P −1 . It means that the sufficient LMI criterion of Tanaka et al. (16) - (18) is infeasible. Thus, we cannot reach any conclusion for guaranteeing the robust stability. That is, the sufficient LMI criterion in Tanaka et al. (16) - (18) cannot be applied in this example. Now, applying the proposed LMI-based robust stability criterion and the LMI toolbox, we can get a symmetric positive definite matrixW as
So, we can conclude that the closed-loop fuzzy system of this example is robustly stable. From the above results, it can be shown that the proposed LMI-based robust stability criterion is less conservative than that presented by Tanaka et al. The time-varying parametric uncertain matrices considered in Refs. (11) - (13) and (19) are the following norm-bounded uncertainty forms:
for i = 1,2,...,r, whereỸ,M i andÑ i are known constant real matrices with appropriate dimensions, andF(t) is an unknown matrix function which is bounded bỹ F(t) ∈ Ω :={F(t) | F (t) ≤ 1, the elements ofF(t) are Lebesgue measureable}. Therefore, before applying the robust stability condition in Refs. (11) - (13) and (19) which is to solve the LMI problem as follows:
for i, j = 1,2,...,r, whereW = P −1 , Y j = K jW , and λ ≥ 0, we need first to represent the time-varying parametric uncertain matrices ∆A i (t) (i = 1,2) in Example 1 as the following forms:
wherẽ
Then, by using the LMI toolbox, it can be verified that the LMI-based sufficient condition in Eq. (15) is infeasible. That is, the robust stability condition in Refs. (11) - (13) and (19) fails to make any conclusion for guaranteeing the robust stability of the closed-loop fuzzy system of this example. Now, using the proposed LMI-based robust stability condition and the LMI toolbox, we can get a symmetric positive definite matrixW as Thus, we can conclude that the closed-loop fuzzy system of this example is robustly stable. This illustrates that the proposed sufficient LMI condition can overcome the conservatism of the sufficient LMI condition given in Refs. (11) - (13) and (19) . Remark 3: From Examples 1 and 2, for the case of only considering parametric uncertainties, we can see that the proposed LMI-based robust stability condition in Eq. (9) may obtain less conservative results than those LMI-based robust stability conditions given in Refs. (11) - (13) and (16) - (19) . The reason why the proposed sufficient LMI condition is less conservative is that it takes the elemental information of the parametric uncertain matrices in Eq. (4) into consideration. Therefore, any sufficient LMI conditions, that do not utilize the elemental information of the parametric uncertain matrices in Eq. (4), may obtain more conservative results in typical cases.
Example 3:
Consider an inverted pendulum (10) given beloẇ
T , x 1 (t) is the angular displacement measured from the upward vertical equilibrium, x 2 (t) is the angular velocity, u(t) is control torque, the nonlinearityñ(x) is unknown, and the damping ratio ζ 0 = 0.08471. The nonlinear system (17) can be represented as the following TS fuzzy model (10) :
where ∆A(x(t))x(t) denotes the approximation error with ∆A(x(t)) a ≤μ A = 0.12, and • a denotes the absolute matrix norm; B i = B and
for i = 1,2, in whichn 1 = 0.97 andn 2 = 1. Many times the damping ratios are very hard to measure and are not always known to a high degree of accuracy. In this example, it is assumed that the parametric uncertainty of this example arises from the uncertain damping ratio ζ(t) with ζ(t) ∈ [0.05471, 0.11471], i.e., ζ(t) = ζ 0 +ζ(t) whereζ(t) ∈ [−0.03,0.03]. Thus, rather than having Eq. (18), the TS fuzzy model with both elemental parametric uncertainties and norm-bounded approximation error is of the forṁ
where 1] , and E 11 = E 21 = 0 0 0 0.06 .
That is, the system in Eq. (19) is a modification of the example presented by Kiriakidis (10) to include elemental parametric uncertainties.
For the nominal fuzzy modelẋ(t) = The approach of Kiriakidis (10) can be extended to the case of considering both elemental parametric uncertainties and norm-bounded approximation error by lumping the elemental parametric uncertain matrices ∆A i (t) (i = 1,2) with the norm-bounded approximation error matrix ∆A(x(t)) as a norm-bounded composite term, thus, for this example, the robust stability condition of Kiriakidis (10) becomes to solve the following LMI problem:
for i, j = 1,2, where I n denotes the n × n identity matrix, I w denotes the w×w identity matrix,
Using the LMI toolbox, we cannot find a positive symmetric positive definite matrixW in Eq. (20) for this example. That is, the sufficient LMI criterion of Kiriakidis (10) cannot be applied in this example. Since ∆A(x(t)) a ≤ 0.12, the bounding matrices ∆F i (i = 1,2) can be chosen as
. Now, applying the proposed LMI robust stability criterion and the bounding matrices ∆F i (i = 1,2) in Eq. (21) Therefore, we can conclude that the closed-loop fuzzy system of this example is robustly stable. From the above results, it can be shown that the proposed sufficient LMI condition is less conservative than that presented by Kiriakidis (10) .
Example 4:
Consider the same system as that given in Example 3. In this example, the parametric uncertainty arises also from the uncertain damping ratio ζ(t) with ζ(t) ∈ [0.0075, 0.2325], i.e., ζ(t) = ζ 0 +ζ(t) where ζ 0 = 0.12 and ζ(t) ∈ [−0.1125, 0.1125]. Thus, the closed-loop TS fuzzy model with both elemental parametric uncertainties and norm-bounded approximation error is of the forṁ
where 1] , and E 11 = E 21 = 0 0 0 0.225 .
The approach of Chen et al. (3) can be extended to the case of considering both elemental parametric uncertainties and norm-bounded approximation error by lumping the elemental parametric uncertain matrices ∆A i (t) (i = 1,2) with the norm-bounded approximation error matrix ∆A(x(t)) as a norm-bounded composite term, thus, for this example, the robust stability condition of Chen et al. (3) becomes to solve the following LMI problem:
, and F p is the same as that given in Example 3. Using the LMI toolbox, it can be verified that the LMI-based sufficient condition of Chen et al. (3) in Eq. (23) is infeasible. Thus, the sufficient LMI condition of Chen et al. (3) fails to make any conclusion for guaranteeing the robust stability of the closed-loop fuzzy system of this example.
Applying the proposed LMI robust stability criterion, we can obtain a symmetric positive definite matrixW as So, we can conclude that the closed-loop fuzzy system of this example is robustly stable. From the above results, it can be shown that the proposed sufficient LMI condition is less conservative than that presented by Chen et al.
Remark 4: From Examples 3 and 4, for the case of considering both elemental parametric uncertainties and norm-bounded approximation error, we can see that the proposed LMI-based robust stability condition in Eq. (9) may obtain less conservative results than those LMI-based robust stability conditions given by Chen et al. (3) and Kiriakidis (10) . The reason why the proposed sufficient LMI condition is less conservative is that it takes the elemental information of the parametric uncertain matrices in Eq. (4) into consideration. Therefore, any sufficient LMI conditions, which lump the elemental parametric uncertainties with the norm-bounded approximation error as a norm-bounded composite term (i.e., which do not utilize the elemental information of the parametric uncertain matrices in Eq. (4)), may obtain more conservative results in typical cases.
Conclusions
A sufficient LMI condition, which takes the elemental information of parametric uncertain matrices into consideration, for the robust stability analysis of the TS-fuzzymodel-based control systems with both elemental parametric uncertainties and norm-bounded approximation error has been presented in this paper. The problem of determining the stability robustness has been turned into LMI feasibility problems which can be easily solved by means of numerically efficient convex programming algorithms. Since the proposed LMI-based sufficient condition in Eq. (9) and those LMI-based sufficient conditions reported in Refs. (3), (10) - (13) and (16) -(19) are derived by different methodologies, it is difficult to compare the conservatism mathematically. Therefore, by using the same examples as those given in Refs. (10) and (16), we compare numerically the proposed LMI-based criterion in Eq. (9) with those LMI-based criteria given in Refs. (3), (10) - (13) and (16) - (19) . From the illustrated examples, we can see that the proposed sufficient LMI condition may obtain less conservative results than those sufficient LMI conditions given in Refs. (3), (10) - (13) and (16) - (19) . The reasons why the proposed LMI-based sufficient condition is less conservative have been given in Remarks 3 and 4. Besides, in Remark 2, it has been also shown that the proposed sufficient condition in Eq. (9) is the generalized version of that given by Chen et al. (3) On the other hand, the elemental parametric uncertainties considered in this paper are time-varying uncertainties. If the time derivativesε ik (t) andη ik (t) in Eq. (4) are well-defined at all times and belong to some bounded intervals, then, following the similar proof procedure given in this paper, we can apply parameter-dependent Lyapunov approach (8) to derive less conservative criteria. But, in practice, it is difficult to obtain the information regarding the time derivatives of time-varying elemental parametric uncertainties ε ik (t) and η ik (t).
Appendix A: Proof of Theorem
From Eqs. (7) and (8), we can obtain
We can rewrite the closed-loop fuzzy system (6) aṡ
where It is obvious thatV(x(t)) < 0, ∀x(t) 0, if, for the specified feedback gains K j ( j = and Y j = K jW . So, from the results mentioned above, we can get that the closed-loop fuzzy system (6) is robustly stable if, for the specified feedback gains K j ( j = 1,2,...,r), there exists a symmetric positive definite matrixW such that the LMIs in Eq. (9) are simultaneously satisfied. Thus the proof is completed.
